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Using a result of E. Bombieri which appeared in Beauzamy, Bombieri, Enflo
and Montgomery (1990), we introduce a weighted norm on the space of polynomi-
als in one variable; the weights are much smaller than 1. For this norm, we give
a precise estimate for products of polynomials: the numerical constant we obtain
is best possible. The norm, moreover, is submultiplicative.
If P is a polynomial with integer coefficients, we deduce from the above result
an a priori estimate for the size of the coefficients in any factor of P, which strongly
improves all the existing ones.
Let P(z) = '£.1=0 ajzi be a polynomial with one complex variable and integer
coefficients (ai E 1l). If P is factored as P = Q . R, where Q and R themselves
are in 1l[z] , what is the maximum of modulus of the coefficients in Q and R ?
Can it be predicted before the decomposition is written ? Before answering this
question, let's explain its origin.
1. The factorization algorithm
The above problem has received considerable attention, since the existence of
such an priori bound is an essential feature for the design of efficient factorization
0747-7171/92/050463+ 10 S03.00/0 © 1992 Academic Press Limited
464 B. Beauzamy
algorithms in symbolic computation (H. Zassenhaus (1969), P. Wang and B. M.
Trager (1979), P. Wang (1983)).
Indeed, suppose we want to factor P in Z[z]. We can assume that P is
primitive (that is : no factor divides all coefficients in P) and that P and its
derivative P' are relatively prime.
We choose a prime q, not dividing the leading coefficient of P. Let Po be
the image of P in 1Lq!z]. The prime q has also to be chosen so that Po has no
multiple zero in Zq!z].
Then Po is factored in 1Lq[z]. This is fast, since all coefficients of Po are
smaller than q. Let Po = Qo' Ro be the factorization in 1Lq[z] (we write only two
factors for simplicity). Then
P == Po = Qo' Ro , (mod q).
(mod q),
Using Hensel's Lemma (H. Zassenhaus (1969)), we can lift the factors modulo
q into a decomposition modulo q2. Precisely, we find QI, R1 in 1Lq2 !z] such
that:
QI == Qo (mod q) , R1 == Ro
and if PI = QI . R1, then P == PI (mod q2).
Let B be the bound we are looking for, namely the maximum (in modulus)
of all coefficients in any factor of P. We repeat the lifting procedure with q2, q.(,
... , q2~ , until q2~ ~ 2B, so we find Q2, Qs, ... , Qk, R2 , Rs, ... Rk, with
and
We stop the lifting process at this point, and the algorithm now becomes a
trial process: in Z!z] , we try to divide P by Qk, Rk, ••• , or by combinations of
these factors. If P has true factors, they will appear this way. However, it may
happen that P is irreducible, though each factor in Zqi[zl was non-trivial.
The existence of the a priori bound B is therefore essential to determine the
stopping time for the lifting process. Since this process is costly, the bound should
be as small as possible.
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The first estimates were given by H. Zassenhaus (1969). Later, M. Mignotte
observed (1974) that the problem was connected to estimates for products of poly-
nomials, and made use of Mahler's measure:
1
2
l1" dO
M(P) = exp log IP(ei 9)1- .
o 211"
When no information at all is known on the degree of Q, this led to the estimate
where d is the degree of P and
(1.1)
m
IQh = L Ibil, if Q(z)
i==.O
m
= LbiZi .
i==.O
Since M(P) is not easy to compute in practice (see Cierlenco, Mignotte, Piras
(1987) for an approach), the estimate (1.1) is usually replaced by the weaker, but
more convenient one:
(1.2)
with
and each coefficient bi in Q satisfies
(1.3)
where, as before, m is the degree of Q. This implies
(1.4)
Estimate (1.3) was improved by Mignotte (1988) in some special cases, for instance
when M(P) is not too large.
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2. The results
We prove here an a priori estimate sharper than (1.1), valid with no restric-
tion. We make no use of Mahler's measure, but instead we use the definitions of
Beauzamy, Bombieri, Enfio and Montgomery (1990) and Bombieri's results in this
paper. First, we define a new norm.
Let P = I:~ ajzj be a polynomial and d its degree. We define:
(2.1)
which is a weighted l~ norm, satifying
It should be observed that the norm depends on the degree, but this depen-
dence is omitted in the notation. We have:
Theorem 1. - Let Q, R be polynomials in one variable, of degrees m and n
respectively. Then:
this result is best possible.
m!n!
(m + n)! [Qb[Rb j (2.2)
We will apply this result to get an upper bound on the size of coefficients in
Q or R, knowing the size of the coefficients in the product P = Q . R. We can of
course assume that P does not vanish at o. We obtain:
Theorem 2. - Let P in 1L[z] , with P(O) l' 0, and let P = Q. R be any
factorization in 1L[z]. Then any coefficient bj in Q satisfies :
Ibjl < d
l
2(d _ )1(· _ ·)1 '1 [Ph·m. m J .J.
(2.3)
From this result, we deduce the main theorem of the present paper:
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Theorem 3. - Let P in 1L[z] , with P(O) f; 0, and let Q be any factor of P in
7L[z]. Then the coefficients bj in Q satisfy:
(2.4)
The estimate (2.4) is obviously better than (1.4), for two reasons. First,
3d/2/-Id < ([d12)) ' and second (and main reason), the norm [Ph is smaller (and
usually much smaller) than the usual h-norm.
We now turn to the proofs.
Proof of Theorem 1. - We use a result of Bombieri in Beauzamy et al., (1990),
concerning polynomials in many variables. We recall that, if
are homogeneous polynomials in N variables, with complex coefficients, of degrees
m and n respectively, and if we define:
[Qh = ( L ~!! Ibpl2) 1/2 ,
1.8I=m
with P! = PI!'" PN!, IPI = PI + ... + PN, we have
(2.5)
Now if P(z) = E~ ajz; is a polynomial in one variable, we define
d
P(z, z') = L ajziz,m-j ,
;=0
which is a homogeneous polynomial of degree d, in two variables. One checks
immediately that
[Ph = [Ph·
Let P = Q. R be any factorization of P. One checks also that QR = QR, and
Theorem 1 is proved.
468 B. Beauzamy
In Beauzamy et al. (1990), it has been proved that the constant given in (2.2)
is best possible, but among all constants independent 0/ the number 0/ variables.
This does not imply that it is best possible in our case, and we have to check
this directly. Consider Q = 2-n/2(1 - z)n, so [Qh = 1, R = 2-n/2(1 + Z)R, so
[R]2 = 1, and
(
2) 1/2
[QR ] - 2-n ~ (j)2 - L- (2n) .
o 2i
We will show that this last quantity is equal to Vn!2 j(2n)!. This assertion is
equivalent to
or
which is the same as
~ (2n - 2j)!(2j)! =
7 (n - j)!2j!2
which is formula 3.90 of Gould's book (1972).
We now turn to the proof of Theorem 2. If R has coefficients in 7l, the first
and last coefficients have modulus ~ 1. So [Rh ~ J2, and we find
~ Ib
m
i l2 ~ (m+ n)! [Pj2
L- ( ) 2m!n! 2 ,
i=O i
and therefore, for each coefficient bi'
(2.6)
as we announced. We observe that the fact that R has integer coefficients is used
only at one place, and could be replaced by the assumption that all non- zero
coefficients in R are in modulus larger than 1. This proves Theorem 2.
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(2.7)m~lbjl ~
J
To prove Theorem 3, we observe that, for given d, m, the largest estimate in
(2.3) is obtained for j = [mj2]. Thus we get:
d'
2{d - m)![mj2]!2 [Ph,
an upper bound which can be useful when the degree of Q (that is m) is known.
Stirling's formula, in this case, gives the upper estimate:
2-'t-t d~+t
max Ibj I ~ 1.(d )1.(d-m)+1. 1.m+ 1. [P]2 • (2.8)J 71"2 - m 24m2 4
Ifno information is known on m, we deduce from (2.6)
d'
2{d _ )'( _ ')' ., [P]2 •m. m J .J.
The denominator is of the form x!y!z!, with x + y + z = d. The use of Stirling's
formula, followed by a minimization on x, y, z of the quantities involved, give
as we announced.
Examples. - For the polynomial P = 2+2z2_5z3+6z4+z5+z6 cited in Cerlienco,
Mignotte, Piras (1987), the classical estimate 2dM{P) gives 448 i Theorem 2 gives
62.8. For P = 1-7z2+ Z4 = (1- 3z + z2){1+ 3z + z2), with d =4, m = 2, the
classical estimate (2) gives 14.28 i our Theorem 3 gives 7.81. In fact, the bigger
the central coefficients will be in P, the stronger will be the improvement brought
by Theorems 2 and 3.
The interest of the estimate given by Theorem 3 comes mainly from two facts:
first, the norm [P]2 is explicit (unlike Mahler's measure), and can be computed
immediately, using the coefficients only, and second it is usually much smaller than
the usual \·12 - norm: it carries weights which are much smaller than 1. Indeed,
it can very well be smaller than Mahler's measure: if we take the example, cited
above, of the polynomial :
P{z) = 2 + 2z2 - 5z3 + 6z4 + z5 + z6 ,
we know from Cerlienco, Mignotte, Piras (1987) that M{P) ""'" 7.04, whereas
[P]2 = 3.01.
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Comparison with Mahler's measure is easy to obtain:
Proposition 4. - IE P has degree d,
(
d )-1/2
[d/2] M(P) s [Pb < 2d/ 2 M(P) ,
and these inequalities are best possible.
Proof. - We know from Kurt Mahler (1960) that any coefficient aj in P satisfies :
Summing over j gives the right-hand side inequality. The example of (1 + z)d
shows that the inequality is best possible. The left-hand side inequality is obvious,
since (ld/2]) is the largest of all coefficients. The fact that the inequality is best
possible is seen by considering the polynomial P = (ld/2]) z ld/2] + zd, or P =
1 + (ld/2])zld/2] + zd.
The norm [·h has one more interesting property, namely to be submultiplica-
tive :
Proposition 5. - For any polynomials Q and R,
Proof. - Let's write:
m
Q(z) = L bjz j, R(z)
o
n
L
.,
C ·,z11 ,
o
P(z) Q(z) . R(z)
with a, = E}=o bjCI-j.
It's enough, of course, to show the property when all coefficients are real
positive: this will simplify the notation.
In order to show that
m+n 1 '
2
m b2 n 2L L L-'-' L~o (min) (j=O bjCI_j) < j=O (7) j'=O (,~) ,
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it is of course enough to show that, for all I,
The Cauchy-Schwarz inequality gives:
2:: bj Cl - j <
I
But
(
I
)
1/2 ( I ) 1/2. b2 22::-1_' C'_j 2:: m n
;=0 (7) (/~j) j=O (j) C-j) .
and the result is proved.
So the norm "]2 has convenient properties for practical purposes.
For homogeneous polynomials in many variables, similar results hold. The
estimate (2.5) gives immediately:
Theorem 6. - Let P a homogeneous polynomial in many variables, with coef-
ficients in 7L and with (total) degree d. Let P = QR be any factorization in
7L(Zl, ... ZN]. Then, the coefficients b{3 in Q satisfy:
d'
2(d - ~)!,8! (Ph, (2.9)
where m is the degree of Q.
From (2.9) follows the crude upper estimate:
which provides an a priori bound for the many-variable factorization problem.
This bound is itself independent of the number of variables.
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